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ABSTRACT
Force-free neutron star magnetospheres are nowadays well known and found through
numerical simulations. Even extension to general relativity has recently been achieved.
However, those solutions are by definition dissipationless, meaning that the star is un-
able to accelerate particles and let them radiate any photon. Interestingly, the force-
free model has no free parameter however it must be superseded by a dissipative
mechanism within the plasma. In this paper, we investigate the magnetosphere elec-
trodynamics for particles moving in the radiation reaction regime, using the limit
where acceleration is fully balanced by radiation, also called Aristotelian dynamics.
An Ohm’s law is derived, from which the dissipation rate is controlled by a one param-
eter family of solutions depending on the pair multiplicity κ. The spatial extension of
the dissipation zone is found self-consistently from the simulations. We show that the
radiative magnetosphere of an aligned rotator tends to the force-free regime whenever
the pair multiplicity becomes moderately large, κ 1. However, for low multiplicity,
a substantial fraction of the spindown energy goes into particle acceleration and ra-
diation in addition to the Poynting flux, the latter remaining only dominant for large
multiplicities. We show that the work done on the plasma occurs predominantly in
the equatorial current sheet right outside the light-cylinder.
Key words: magnetic fields - methods: numerical - stars: neutron - stars: rotation -
pulsars: general - radiation
1 INTRODUCTION
Neutron stars are well known to emit a broadband electro-
magnetic spectrum from the radio wavelength (Manchester
et al. 2005) through optical/UV up to high and very high-
energy, in GeV/subTeV (Abdo et al. 2013), and even TeV
for the Crab pulsar (Ansoldi et al. 2016). However, it is
still unclear where precisely in the magnetosphere or the
wind these photons are coming from and how they are pro-
duced. Ultra-relativistic particles must flow around the neu-
tron star, emitting curvature, synchrotron and/or inverse
Compton radiation. Therefore, particle acceleration and its
subsequent radiation mechanism cannot be dissociated from
the magnetosphere electrodynamics. It is compulsory to self-
consistently solve for Maxwell equations and particle dy-
namics and radiation to attempt to faithfully and confi-
dently reproduce the wealth of multi-wavelength observa-
tions.
The zeroth order approximation is the force-free electro-
dynamics (FFE), no dissipation is allowed and it is assumed
that enough particles are produced to efficiently and com-
pletely screen the electric field component along the mag-
netic field. These solutions are now well known for more
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than a decade thanks to the advent of numerical simula-
tions pioneered by Contopoulos et al. (1999) for the aligned
rotator and later by Spitkovsky (2006) for the oblique ro-
tator. Since then, these results have been confirmed by sev-
eral other groups, see for instance Timokhin (2006); Komis-
sarov (2006); Pétri (2012); Kalapotharakos & Contopoulos
(2009); Parfrey et al. (2012); Chen & Beloborodov (2014);
Tchekhovskoy et al. (2016) and references therein. Alter-
native models without current sheets have been found by
Lovelace et al. (2006). Although the plasma is made of
electron-positron pairs requiring a two-fluid model, Beskin
& Rafikov (2000) showed that for large pair multiplicity, a
one-fluid MHD approximation is valid.
Obviously, going beyond this force-free regime is re-
quired to properly address the problem of particle accelera-
tion and radiation. Soon after these detailed computations
of the force-free magnetospheres, so called resistive magne-
tospheres have been introduced by modifying the force-free
current to take into account a kind of resistivity leading
to an Ohm’s law showing the plasma reaction to an ap-
plied external field. The way to design this law is multi-
fold, no unique prescription has been found (Li et al. 2012;
Kalapotharakos et al. 2012; Gruzinov 2008). In these models,
one parameter identified as a kind of resistivity is introduced
to control the rate of dissipation making them able to switch
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from vacuum to a fully force-free magnetosphere. The origin
and physical motivation for these resistivities is not clear.
Gruzinov (2013a) followed another track, trying to compute
dissipative magnetospheres by using the radiation reaction
limit for an aligned rotator. An Ohm’s law is easily derived
from radiation reaction. Contopoulos (2016), based on this
idea, computed radiative magnetospheres for an oblique ro-
tator. However he employed a simplified prescription for the
current, reminiscent of several force-free codes, and not ex-
actly reflecting the true dynamics of radiation reaction (the
current flowing along the magnetic field lines was not in-
cluded). It is expected that gamma-ray light-curve fitting
with Fermi/LAT pulsars will help constraining the dissipa-
tive regions and emission mechanisms (Kalapotharakos et al.
2014, 2017; Brambilla et al. 2015). Dissipation in the equa-
torial current sheet is the key to our understanding of the
pulsar magnetospheres (Contopoulos et al. 2014).
This paper computes radiative pulsar magnetospheres
for an aligned rotator in the radiation reaction limit by tak-
ing into account the full dissipative current: the electric drift
component as well as the contributions from the components
aligned with respectively the electric and magnetic field. In
Sec. 2, we describe the model of our radiative magnetosphere
and the prescription for Ohms law in the radiation reaction
regime. Then some examples of field lines are presented in
Sec. 3 for FFE and radiative magnetospheres with fixed pair
multiplicity. Next, in Sec. 4 we compute the spin-down lu-
minosity extracted from these models and compare it with
previous works. The importance of dissipation is pointed out
in Sec. 5. Conclusions are drawn in Sec. 6.
2 MAGNETOSPHERIC MODEL
In the radiative regime, in the same way as in the force-
free regime, the plasma inertia and pressure is neglected.
The plasma only furnishes the required charge ρe and cur-
rent j density to evolve Maxwell equations written in stan-
dard MKSA units as
∇ ·B = 0 (1a)
∇×E = −∂B
∂t
(1b)
∇ ·E = ρe
ε0
(1c)
∇×B = µ0 j+ 1
c2
∂E
∂t
. (1d)
There are no evolution equations for the plasma as in the
FFE case. Its charge density ρe is deduced from Maxwell-
Gauss law. Following the derivation given by Pétri (2016),
the radiative current density j is expressed solely in terms
of the electromagnetic field via
j = ρe
E ∧B
E20/c
2 +B2 + (|ρe|+ 2κn0 e)
E0E/c2 +B0B
E20/c
2 +B2 (2)
where E0 and B0 are the strength of the electric and mag-
netic field deduced from the electromagnetic invariants and
satisfying I1 = E2− c2B2 = E20 − c2 B20 and I2 = cE ·B =
E0 B0. Explicitly solving for E0 ≥ 0 and B0 we find
E20 =
1
2 (I1 +
√
I21 + 4 I22 ) (3a)
cB0 = sign(I2)
√
E20 − I1. (3b)
At large distances from the neutron star, B0  B and hence,
the second term in Eq. (2) does not play a leading role for
not too large multiplicity factors κ. If the force-free condi-
tion is satisfied, Eq. (3) reduce to E0 = 0 and cB0 =
√−I1.
B0 is then the magnitude of the magnetic field in the frame
where E vanishes. κ is the pair multiplicity and n0 > 0
a fiducial particle density number depending on space and
time. For concreteness, we set this background particle den-
sity to |ρe| = n0 e as done by Gruzinov (2013b) and by Con-
topoulos (2016) although other less restrictive prescriptions
are possible at the expense of adding new parameters. In
this case the magnitude of the electric current along E and
B is controlled by the factor (1 + 2κ) and can be increased
without bounds. Note the important fact that there is no
constraint on the magnitude of E to be less than cB nor
any constraint on E ·B any more. However, in magnetically
dominated regions where E < cB is satisfied, we enforce the
force-free condition. This renders the magnetic field lines
closing within the light-cylinder inert, not contributing to
acceleration or radiation of particles in the dead zone.
In FFE, pairs move in the same direction along B be-
cause there exist no accelerating electric field E‖ to separate
them. They show a simple ballistic motion along B. In Aris-
totelian dynamics, an E‖ is allowed, pairs initially moving in
the same direction will be separated by reverting the velocity
sign for one species depending on its charge. The distance re-
quired to revert the velocity remains small compared to rL.
Indeed it can be estimated by the distance s onto which
the work done by the parallel electric field E‖ equals the
kinetic energy q E‖ s = γ me c2. This leads to s/rL = γ/a
where a = q E‖/mcΩ 1 is the strength parameter of the
electromagnetic field. Actually, E‖ is simply E0 in the drift
frame where E and B are parallel. From the simulations
shown below we found that E0 ≈ 0.1E in the dissipative
region close to the equator even if the drift speed remains
sub-relativistic there and therefore E0 ≈ E‖. A strong par-
allel electric field is easily allowed in the radiation reaction
limit even close to the light-cylinder. This contrasts with
the expectation from FFE where such behaviour is only ex-
pected asymptotically at large distances. For typical pulsar
parameters we have γ  a therefore s  rL meaning that
pairs move in opposite direction after travelling a short dis-
tance in the same direction. The situation is reminiscent of
pair creation in the polar caps. E‖ separates both species af-
ter a short distance. Radiation reaction regime extends this
picture a priori to the full magnetosphere and wind. Nu-
merical simulations effectively decide where exactly the gap
physics has to set in. Pétri (2019) also showed that particles
readjust quickly their velocity to conform to Aristotelian
dynamics within a small distance much smaller than any
macroscopic length-scale supporting this approximation. In
other words, the particle velocity at some location is not af-
fected by the electromagnetic field the particle encountered
at another previous position.
The procedure to solve for the radiative magnetosphere
is the following. Impose a centred dipole at the stellar sur-
face by enforcing continuity of the normal component of B
and continuity of the tangential component of E. Start with
a static dipole without electric field outside the star and let
it rotate at a speed Ω at time t = 0. Compute the charge
density ρe to be put in the electric current expression, after
computation of the electromagnetic field strengths E0 and
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B0. Then solve Maxwell equations to the next time step.
Find the new electromagnetic field at the next time step
and restart the process from the beginning. The procedure
is very similar to FFE simulations, we only add a new pa-
rameter κ with a new prescription for the current. We stress
that in this radiative model, as in FFE, charge conservation
is insured by the computation of the charge density ρe from
the electric field E and not the opposite where ρe would
be explicitly evolved through the fluid motion, changing the
longitudinal part of E by a correction algorithm to enforce
charge continuity. Meanwhile when reaching the stationary
state ∂t = 0, the current density eq. (2) automatically re-
laxes to the constrain ∇ · j = 0 similarly to the FFE case,
even if the divergencelessness condition is not satisfied or
imposed initially. We also checked a posteriori that this is
indeed the case.
We performed several runs with force-free and radia-
tive magnetospheres. The neutron star radius is set to
R/rL = 0.2 and the outer boundary of the simulation sphere
is located at 5 rL where the light-cylinder is defined by
rL = c/Ω. Moreover, the pair multiplicity factor is chosen
in the set κ = {0, 1, 5}. An absorbing sponge layer of thick-
ness 10% of the radial extent is implemented in the outer
part in order to avoid small spurious reflections introduced
by the outgoing wave boundary conditions of the character-
istic compatibility method (Canuto et al. 2007). Therefore,
the results at distances larger than r ≥ 4.5 rL should be
discarded. In the subsequent sections, we discuss the main
results about field line structure, spindown losses and work
done on the plasma.
3 FIELD LINES
The geometry of magnetic field lines in the meridional plane
is shown in Fig. 1 for the FFE regime and the radiative
regime for several values of the pair multiplicity factor κ ∈
{0, 1, 5}. Inside the light-cylinder, the magnetic field remains
insensitive to the current prescription, there is no need for
dissipation as E < cB within the light-cylinder. At large
distances, well outside the light-cylinder, all cases show a
split monopole structure but the radiative case tends to close
more field lines along the equator. As particle are no more
constrained to follow field lines due to acceleration along
the electric field E, we observe diffusion of particle across
these lines in adjunction to some dissipation. Indeed, the
radiative magnetosphere impacts on largest in the vicinity
of the equatorial current sheet. We will show below that
work on particles is done essentially in this plane, allowing
magnetic field lines to reconnect easily.
Next we diagnose quantitatively the effect of a radiative
magnetosphere by computing relevant physical parameters
such as the spindown luminosity and the work done on the
plasma.
4 POYNTING FLUX
In the ideal limit of a force-free magnetosphere, all the spin-
down goes into the electromagnetic flux. No energy is carried
away by particles, only the Poynting vector propagates radi-
ally outwards with constant flux, forming a current sheet in
Figure 1.Magnetic field lines for the force-free magnetosphere in
black solid lines, and radiative magnetosphere with κ ∈ {0, 1, 5}
in respectively red, blue and green solid lines as shown in the
legend.
the equatorial plane. Numerically such current sheet is diffi-
cult to handle and all schemes have to resort to some dissipa-
tion by decreasing artificially the electric field to respect the
E < cB condition. Unfortunately, this is an uncontrolled
process difficult to interpret physically. In the proposed ra-
diative model, dissipation is naturally allowed by assuming
particles reaching an exact balance between acceleration and
radiation reaction. Motion across field line is then permitted
and the two important constraints E · B = 0 and E < cB
disappear.
The local energy conservation law for the plasma-
magnetosphere system, i.e. field and matter, reads
∂u
∂t
+∇ · S+ j ·E = 0 (4)
where we introduced the electromagnetic energy density by
its simplest form
u = ε0 E
2
2 +
B2
2µ0
(5)
the Poynting flux by
S = E ∧B
µ0
(6)
and the work done on the plasma represented by the last
term j · E. This term vanishes for force-free plasma and in
the radiation reaction limit it reduces to
j ·E = |ρe| (1 + 2κ) cE0 ≥ 0. (7)
In a stationary state, the electromagnetic energy density u
does not vary. Without dissipation, the Poynting flux across
a closed surface is conserved but when energy is deposited
into the plasma, it decreases radially outward. Indeed,
Eq. (4) integrated within a sphere Σ of radius r implies
L =
∫∫
Σ
Sr dΣ = −
∫∫∫
V
j ·E dV (8)
where Sr is the radial component of the Poynting flux, dΣ
a surface element on the sphere and dV a volume element
inside the sphere Σ.
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Figure 2. Radial decrease of the Poynting flux depending on the
model. FFE is shown in black, and a radiative magnetosphere in
red for κ = 0, in blue for κ = 1, and in green for κ = 5. The
associated work is shown in the lower curves.
The radial evolution of the Poynting flux is shown in the
upper curves of Fig. 2. The luminosity is normalized with
respect to the vacuum orthogonal rotator ` = L/Lvac. The
black solid line correspond to the FFE magnetosphere with a
spindown equal to ` ≈ 1.469. The work done on the plasma
is null, however, because the magnetically dominant case
must be satisfied, we artificially decrease the electric field
strength. This happens mostly outside the light-cylinder and
is visible as a sensitive decrease of about 20% in the lumi-
nosity already in FFE.
For radiative magnetosphere, dissipation already occurs
inside the light cylinder as seen by inspecting the red, blue
and green solid curves. Note that this effect is physical, not
numerical. For κ = 0, red curve, we observed a dissipation
rate of about 5% inside the light-cylinder with a Poynting
flux ` ≈ 1.399 but up to 50% outside. This energy dissi-
pation into particle is similar to the results found by PIC
simulations by Belyaev (2015) when injections of pairs is
weak and localized inside the magnetosphere. Surprisingly,
even for high pair multiplicity which should converge to
the force-free solution, a significant fraction of the Poynt-
ing flux, about 30% is injected into particles (Cerutti et al.
2015). In our simulations, electromagnetic work done on the
plasma is most efficient in electrically dominant regions, i.e.
in the equatorial current sheet. When pairs are added into
the magnetosphere, the dynamics tends to the FFE case. For
κ = 1 dissipation is almost reduce by a factor 2, blue curve
` ≈ 1.431. For κ = 5, green curve, dissipation becomes very
weak and the magnetosphere resembles closely to the FFE
model with the same Poynting flux at the light-cylinder of
` ≈ 1.459.
We think the relative luminosity compared to the FFE
case computed by L/Lffe as shown in Fig. 3 better reflects
the true physical dissipation introduced by radiation reac-
tion. Indeed, the FFE magnetosphere should not dissipate
but due to the numerical algorithm, we always find a signif-
icant dissipation outside the light cylinder that cannot be
reduced by increasing the resolution. The radiative losses
are seen to be significant outside the light-cylinder.
5 DISSIPATION
Let us carefully examine the dissipation process, converting
electromagnetic energy into particle acceleration and radia-
Figure 3. Relative Poynting flux normalized to the FFE spin-
down and depending on the pair multiplicity κ. The radiative
magnetosphere for κ = 0 is shown red, for κ = 1 in blue and for
κ = 5 in green.
tion. The decrease in the Poynting flux L with distance is
imputed to the work done on the plasma. It is very informa-
tive to check where exactly in the magnetosphere or wind
the electromagnetic energy is transferred to the particles.
The local work done on the plasma within a spherical shell,
expressed as∫∫
Σ
j ·E dΣ = −dL
dr
(9)
is shown in the lower curves of Fig. 2. It shows how fast dissi-
pation occurs when leaving the magnetosphere. In the FFE
case, black line, it should be exactly zero, but because of nu-
merical filtering and artificial decrease of E, a small residual
work is seen right at the light-cylinder. For the most dissi-
pative case, κ = 0 in red line, the work done start at the
light-cylinder, reaching a maximum around 1.5rL and then
decreases slowly. For κ = 1, blue line, dissipation also start
at the light-cylinder, but with a sharp increase and a faster
decrease at larger distances becoming very weak at the outer
boundary. For κ = 5, green line, dissipation is restricted to
the range [1, 1.5]rL, quickly diminishing to negligible val-
ues at r > 2rL. For large multiplicities, we anticipate that
dissipation happens only right at the light-cylinder, with a
constant Poynting flux at large distances, but different from
the Poynting flux inside the light-cylinder.
In order to better localize the radiative regions, we plot
a map of the work done locally on the plasma by evaluating
the power in Eq. (7). The most interesting case is shown in
Fig. 4 for κ = 0. As expected, Poynting flux flows into the
plasma mainly along the equatorial current sheet, right at
the light-cylinder. After several rL, the power sharply de-
creases by two orders of magnitude at the outer boundary.
The maximum thickness of this dissipative region is about
0.2 rL. No relevant work is done on the plasma outside the
equatorial plane. Finally, we plot the electric to magnetic
field strength ratio E/cB for κ = 0 in Fig. 5. Within the
light-cylinder, the situation is identical to a FFE magneto-
sphere because naturally E < cB. However the electric field
dominates in the current sheet being 1.6 times larger than
cB. These are the places where particle acceleration and
radiation happen.
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Figure 4.Work done on the plasma for κ = 0 as given by Eq. (7).
Figure 5. Electric to magnetic field strength ratio E/cB for κ =
0.
6 CONCLUSIONS
From an observational point of view, neutron star magneto-
spheres must be dissipative in order to accelerate particles
and radiate photons. We showed that radiation reaction in
the ultra-relativistic regime introduces a kind of resistivity
self consistently with a map of acceleration and radiation
zones. The magnetosphere adjusts itself to a new equilib-
rium state where most of the dissipation occurs in the equa-
torial current sheet outside the light-cylinder. We found that
the efficiency of dissipation is related to the pair multiplicity
factor κ. When the pair supply is high enough, the radiative
magnetosphere tends again to the force-free solution.
However, imposing a charge density according to a con-
stant pair multiplicity factor and to the local electric field
via Maxwell-Gauss law is too restrictive. In a next step, we
plan to add explicitly a source of electron-positron pairs to
be deposited along the polar caps and/or within the whole
magnetosphere. The particle density number then satisfies
a conservation law for each species to be solved in addition
to Maxwell equation.
Moreover, going to full 3D radiative magnetosphere is
mandatory in order to predict phase resolved spectra and
light-curves, facilitating the comparison with the wealth of
multi-wavelength observations of pulsars. This should help
to constrain the dynamics of the equatorial current sheet,
also called striped wind in the literature and to get physical
insight into the electrodynamics of radiating pulsar magne-
tospheres.
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